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In this integral, if we let z = ifi/Li, we shall have 



/o L" — z"' 

but this is identical with the integral of (3). Hence h + hi = L!T. 

iVoie. — The incorrectness of the statement of this problem was also pointed out by Professor 
H. S. Uhler for the special case n = 2. However, if in his solution we take the value he finds for 
h, the height to which the particle rises and the distance z' through which it falls from rest, we 
have 

» + '-i*('+. i '0+i'«(ff#T.)-i>«(g±5). 

where A/g/Vfc = V, the limiting velocity. But he showed that 

Hence, h + z' = L!T, a result agreeing with that of Professor Reynolds. Editobs. 

NUMBER THEORY. 

250. Proposed by JOSEPH E. bowk, State College, Pa. 

Show by comparatively elementary means that the equation x 2n + y 2n = z 2n is impossible 
of solution in positive integers x, y, z and n, unless at least one of the integers x,y,z = (mod 3). 
In particular, consider the case n = 1. 

Solution by Elijah Swift, University of Vermont. 

Since any number must be of one of the forms 3fc, 3fc + 1, 3fc — 1, its square must be of 
the form Zl or 31 + 1. Consequently, any perfect square, xi 2n = or 1 (mod 3). It is clear 
that the three quantities in the given equation can not all be congruent to 1 (mod 3) ; in fact it is 
evident that either x 2n or y 2n must be congruent to (mod 3), as otherwise the left-hand member 
of the equation would be divisible by 3 with remainder 2, and the right-hand member by 3 with 
remainder 1. 

The case n = 1 may be handled directly by means of the known solution of the equation 
x 2 + y 2 = z 2 , namely, x = 2mn, y = m 2 — n 2 , z = m 2 + n 2 (we are supposing that x, y and x 
are prime to each other) where one of the two quantities n, m is even and the other odd. If either 
m or n is divisible by 3, x is also; if neither, then as we saw above to 2 = 1 (mod 3), n 2 = 1 (mod 3), 
and, consequently, y = m 2 — w 2 = (mod 3). 

Also solved by C. C. Yen, H. C. Feemstek, H. N. Carleton, and J. W. 
Clawson. 

251. Proposed by Herman koland katnick, Chicago, III. 

Determine the character of the positive integer n so that the Diophantine system 

z + n = x 2 , z — n = y 2 

shall have an integral solution; and exhibit a method for finding all the values of x, y, z for a 
given n of such character. 

Solution by the Proposer. 

[Mr. Katnick died suddenly shortly after this problem was offered for publication. The 
solution given below is a modified and abridged form of one offered by the proposer at the time 
the problem was submitted. Editobs.] 

From the given equations we have x 2 — y 2 = 2» or (x + y)(x — y) = 2n. If we denote 
x + y by o and x — y by b we have 

(1) x + y = a, x — y = b, 2n = ah. 

Hence it is necessary that 2x = a + 6, 2y = a — 6, while at least one of the numbers a, 6 is even 
(since ah = 2»). Hence, both a and 6 are even since x and y are integers. Then we may put 
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a — 2a, b = 2(3, where a and are integers. Then from (1) we have 

(2) X = a + ft y = a — /?, n = 2a$. 

If these values of x, y, n are substituted in the original equations we find that 

(3) z = a 2 + ^ 2 . 

From these computations one readily concludes as follows: 

A necessary and sufficient condition on the positive integer n is that it shall be even. All 
non-negative solutions for a particular value of the even integer n may be found as follows: 
Separate n/2 in every way possible into the product of two positive integral factors a and such 
that a g 0. For each such separation the corresponding values of x, y, z are given by equations 
(2) and (3). 

It is obvious that the solution is unique when and only when n/2 is a prime number. 

Also solved by C. F. Gummer, Elijah Swift, Horace Olson, E. B. Escott, 
J. L. Riley, C. E. Githens and V. M. Spunar. 

252. Proposed by E. 3. MOCLTON, Northwestern University. 

(A) Show that the number of integers x on the interval 10 r Si x < 10 1 " 1 " 1 which do not con- 
tain the digit 1 at least p times, p Si r, is 

9 -{[first p terms of expansion of (9 + l) r ] — r C p -i •&""}, 

where r C p -\ is the coefficient of x" _1 in the expansion of (1 + x) r . 

(B) Show that the number of integers x on the interval 10 r SI x < 10 r+1 which do not con- 
tain the digit at least p times, p Si r, is 

9 • [first p terms of expansion of (9 + 1)']. 

Solution by C. C. Yen, Tangshan, North China. 

The proof of (B), being simpler, is given first. 

(B) The total number of integers x on the interval ldr < x < 10' +1 is (10 r+1 - 10 r ) = 9-10'. 
If the whole interval be divided into nine subintervals, n-10 r Si x < (n + 1) •10 r , n = 1, 2, 
up to 9; then each subinterval will contain 10 r or (9 + l) r integers. 

Consider each of the subintervals. First, there is one integer which contains the digit 
r times. Next there are r C r -i-$ integers which contain the digit (r — 1) times; for out of the 
r digit places (r — 1) of them may be filled by 0's in ,C r -i ways; and the remaining place may be 
filled by any one of the digits 1, 2, 3, • • •, 9, so that each of the r C r _i ways gives rise to 9 such 
integers. In the same way, (r — 2) of the r places may be filled by 0's in r C r _2 different ways; 
and each of the two remaining places may be filled by any one of the digits 1, 2, • • • 9, so that 
each of the r C— 2 ways gives rise to 9 2 integers; hence, there are r C r -2'9 2 integers containing the 
digit (r — 2) times, and so on. In general, p out of the r places may be filled by 0's in ,C P 
different ways, each of which gives rise to 9 r-3 ' integers; the number of integers containing the 
digit p times is, therefore, r C p • 9*""". Hence, we have the result that in each subinterval there are 

(1) £,-&-* +■■• + rC r -f9* + rC-2-9 2 + r C._ r 9 + 1 

integers containing the digit at least p times, p =r. But expression (1) consists of the last 
r — p + 1 terms of the expansion of (9 + l) r ; and, as we have seen, the number of integers in 
each subinterval is (9 + l) r . It follows therefore that the number of integers which do not con- 
tain the digit at least p times (p Si r) in each subinterval is given by the first p terms of the 
expansion (9 + l) r , and hence in the whole interval 10 r Si x < 10 r+1 , the number is 

9 -[first p terms of expansion of (9 + l) r ], 
as was to be proved. 

(A) To prove (A), let the interval 10 r Si * < 10 r+1 be divided into subintervals as before. 
Then in each of the subintervals, except the first, similar reasonings show that the number of 
integers containing the digit 1 at least p times, p Si r, is expressed by (1). In the first subinterval, 
10 r Si x < 2 •10'', the first digit of every integer a; is 1, so that (1) gives the number of integers 
containing the digit 1 at least (p + 1) times. Now, out of the r digit places (beginning from the 



